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-i= (A) = <X(A) ,
y(Ak

Or

: (Al = (x(a) , y(t ,z(t)x
parameterizes

a curve
[ ↳where a <t b.

X



-

Cak II formula↑
C between P = (xoYo

The line seyment

and Q = (X,
Y11 can

be parameterized by

x = Xo + (X,
-Xo)t

Q=
(x,,

3 i)

y = yo + (y ,

- Yet ·p = (xo,d 7C
02t = 1

corresponding to

(A) = (Xo + (X ,
- Xo(t ,

yo + (y
,

- 30)t)

-
+ C between (1

,
1) and

Ex: The line segmen

(-1 ,
3) is given by

x = 1 +7 - 1"y = 1 + (3 -1t = 1 + 2t

O[t[) .

This corresponds to

F (t) = ( - 2t,
1 + 2A]

for OItEl .



-

WCal II formula

The circle ,
uriented counterclockwise,

with radius
centered at (0 ,

Yet

can
be parameterized as :

X = X
.

+ rcos(t) ty = 3 + rsin(t)

2
E: The circle C with radius 2

centered at 11
,
3) oriented

counterclockwise is parameterized by

X = 1 + 2cs/t)
C

y = 3 + 2 sin(t) ⑪-

0 [ t = 21

e



T
Recall that a curveC given by

smooth if

(A) on
ac tab is called -

brupt
① (A) exists for netb - edges

② It for attebz

-
#
If C is a

smooth curve
described by

(A) = <X (A) ,
y1t1 for a <tab,

then the

(al to FIA) is

arclength along
C from

M F(b)

r(al #(t)
⑧sit) = Sull du

↓-~- Ws(t)
S is used
-

for arclength E

~it+ (ya)) de



Letbethe
line ea

We have the

parameterization ↓(t) = <t,
A)

⑮ult
where Oft = 1.

Then,

(A) = 41 ,
17

The arc length from 10
,
01 to It) is

sitl= /sil du

=da

F'(t) = < 1,1
= mult

Inall =F[
= Et

↓= E(t - 0



We can re-parameterize the curre C

in terms of arc length as follows :

(t) = (t,
A)

have

0 t = I Pur
S = Et

Solve for t to get
(1 ,

13

t = -

Plug into i to getse
where

OISEE
↑

↑

·



NTHIS PAGE IN CLASS

Noteline segment C between P = (X0 , Yol

and Q = (x
,
31l with length IPQ

can be parameterized in terms of are

length as follows :

r(s) = (Xo+ (xixds, Yo= (3=30s)

where
OISI). FThat is ,

x = Xo+ (X,-Xo)S

y = Yet (3
,

- 305

EPS=~credit> is parameterized by

x = 1 + z)1 - 1)s = 1

y = 0 + z(z- 0)s = S

o S = Z



#art2 : Line integrals

Let C be a smooth curve We start
with a

parameterized in terms of
2d-curve.

arc length as F(sl = <x(s),
y(s) I Later wa

du

E 3d-curve

for a [SEb .

Consider a function f(x,e) .

When f(x,3)30 Wa

an integral that finds
11

the area of the "fence Iabove
candwe

sub-arcs by subdividing

Subdivide (into n

the interval [a ,b] as

a= So < S
,

< .... > Sn- -
[Se=b

corresponding to a points Po
,

Pi
,

Pz
, ...,

Pr

along C Where P= (x(Si) , y (sil)



Pick n points

P,*, P, ...,
Pr

*

where Pe
*

lies on the↳sub-arc between

P and Pi
i- 1

Let AS: represent ~arathe arclenth of I-st
sub

the ith subarc.

On the i-th

sub-are the product

f(p: ) · DSi
II I/

of the approximation Trrepresents the area

to the area of the C

fence on the ith sub-arc Di
So the area of -
the "fence" is base = DSi

approximated by

& +(PE)AS=
i= 1



Let O be the maximum value of the

lengths AS
,

Asa ....,
Asn of the subarcs .

The

i
eintegral

of orand

S + (x
,y)ds =in

D + 0

if this limit exists .

To evaluate the above integral

we calculate :

Sf(x(s), y(s))ds

Sf(x , 3)ds =

-2
the parameterization#plug in of

of C in terms

X(s) ,
y(s) and integrate

to S

with respect



Ex: Calculate

S(x+y)ds ·& I
Where C is the line

segment from 10 ,01 to(1,
1) .

-
described by

Previously we saw
that C is

x(s)= y(s) =
-

E

where OISIV.

So
, E

((x +y(d) = ((
+ E)ds = E)(d)

=-)==



We get some usual properties :

-

-

~C [f(X,31 + q(x,3))ds = Sf(x ,
z)ds + 3(x ,z)d

②If < is a constant ,
the

Saf(x,3)ds = <(S,

f(x ,z)ds]
C
-

③ If C is formed by first going

along C
,

and then along & then

Sf(xiids = [f(x, zids + Sf(x,z)d

[2

C

->--



#THIS EXAMPLE IN CLASS

Ex: Calculate M

S (x+ y)ds 2
Where C is broken ↓
into C

,
and C

as shown.
-

We have :

Sylds(stolds = Y!=

⑳
SyldsSisd = s=

i
So

Sixtyld = = + 4 =



Suppose We want to parameterize

C by F(Al = (X(A) , y(Ak where
(b)

t is not are-length.

S(t)a A = b and -(t)
Them , (from Cak #), -

·

F(a)

the arclength on
C

from Fal toSel is

S(t) = Ssuild
and s't) = Ira))

Su ,

ds = s'(A)dt

= Is'CAIldt

= (x),
ytR / dA

= Nal"+ 1yAll dt



na



EX: LetC be the line

seyment from (1
,

11 to (1, 3)

(-1
,
3) M

C is given by

x = 1 + (- - 1)t = 1 - 3t

y = 1 + (3 -11t = 1 + 2t ·02t = 1

Then,

X= - 2

y = 2

ds=+eldt=+ (2) dt = 55 dA

So ,

=Skx-elds
C

= Sr(1-21)dA = vo(t -t ! ]

= vo((1-1) - 10 - 07 = 0



EX: Evaluate Sl2txylds where

C is the upper
half of the

Unit circle
,

oriented counter-clockwise.

We have :

X(t) = cos(t)

y(t) = Sin(t)

0 t = T -
So :

Sl+xglds = (2 + cos/t)sintellicosea--
2 + x y

(
C

= [
*

(2 + cos'Alsin(A)dt

=desintd
= 25 - Sivau = 2n - (i)

U= cos(A) ↑

&du = -sin(t)dt
= 2π -(- 5)

- du = sin(AldA
A= 0 -u= I

- 2π + 3
t= m + u = - 1



-

Note: Suppose C is a smooth 3-dimensional.

curve given by Fl = (x(A) , y(A) ,
z(t))

Than all the same ideas apply and

C↳a

Ball: The line segment from

P = (Xa , Yosz.) to Q= (X, , Y ,,
z)

is given by Q

x = Xo + (X ,
- Xo)t -

y = ye + /y ,
- yult ⑨

z = zo + (z ,
-z .) t P

0 = t[)



EX: Evaluate S(xy + 221ds where

is the line segment from P = (1 ,
0

,
0

I
X = 1 + (0 - 1)t = 1 - t

y = 0 + (1 - 0)t = t

z = 0 + (1 - u)t = t

= t = 1

So,

S(xy + 2z)ds[S'(x -ta +2t]+ 15dA

C &

X = 1 - t ,
X = - 1

[y = t , y= 1

z = t ,
z = 1

= 5) (e+ 3t)dt = 5(- y + 3)) !
=[+ z)=


